Introduction
Let G = (V , E) be a graph with vertex set V and edge set E. A circuit is a connected 2-regular graph. An even subgraph (or a cycle) is a graph such that the degree of each vertex is even. A bridge (or, cut-edge) of a graph G is an edge e ∈ E(G) whose removal increases the number of components of G (that is, a bridge e is not contained in any circuit of G).
Graphs considered in this paper may contain loops or parallel edges. However, most of our graphs are bridgeless.
The following open problem has been recognized as one of the central problems in graph theory. [12] , Seymour [11] ). Every bridgeless graph G has a family C of circuits such that every edge of G is contained in precisely two members of C.
Conjecture 1.1 (Circuit Double Cover Conjecture Szekeres
Since an even subgraph is the union of a set of edge-disjoint circuits, the circuit double cover problem is equivalent to the even subgraph (cycle) double cover. An even subgraph double cover F of a graph G is called a k-even subgraph double cover (or k-cycle double cover) if |F | ≤ k.
Comprehensive surveys about progress to this notoriously hard problem can be seen in papers [9] by Jaeger [8] by Jackson, etc., or the books [4, 5, 14] .
In this paper, we study a special approach to the conjecture, which was initially started in [6] , and, further generalized in [7] . (Goddyn [6] , and also Häggkvist and Markström [7] ). If a cubic graph G contains a spanning subgraph H which is a subdivision of a Kotzig graph, then G has a 6-even subgraph double cover.
Definition 1.2. A cubic graph H is called a Kotzig graph if H has a 3-edge-coloring c : E(H)
A 2-factor F of a cubic graph is even if every component of F is of even length. If a cubic graph G has an even 2-factor, then the graph G has many nice properties: G is 3-edge-colorable, G has a circuit double cover, etc. The following concepts were introduced in [7] as a generalization of even 2-factors. The following conjecture was proposed in [7] as a generalization of Theorem 1.3. [7] ). Every cubic graph containing a Kotzig frame has a circuit double cover.
Conjecture 1.6 (Häggkvist and Markström
In [7] , Conjecture 1.6 was verified for some special cases. [7] ). If a cubic graph G contains a Kotzig frame with at most one non-circuit component, then G has a 6-even subgraph double cover.
Theorem 1.7 (Häggkvist and Markström
In this paper, Conjecture 1.6 is further verified for some other families of cubic graphs, in which a Kotzig frame may contain more than one non-circuit components. 
Notation, terminology and basic lemmas
For most standardized notation and terminology, we follow [1] [2] [3] 13] , or [14] .
Let G be a graph and H 1 , H 2 be two vertex disjoint subgraphs of G. 
It is obvious that if H itself is cubic, then a parity 3-edge-coloring is a proper 3-edge-coloring (traditional definition).
The following lemma has been used frequently in many circuit covering problems.
Lemma 2.2.
If a cubic graph has an even 2-factor C , then G has a 3-even-subgraph double cover F such that C ∈ F .
Outline of the proofs
For a cubic graph G with a spanning Kotzig graph H (see Fig. 1 ), let {C 12 , C 01 , C 02 } be a circuit double cover of H consisting of three Hamilton circuits, and let M = E(G) − E(H) (a matching). One can decompose M into three parts {M 12 , M 01 , M 02 } such that M ij consists of chords of the circuit C ij . Note that C ij corresponds to a Hamilton circuit in the suppressed cubic graph G ij = C ij ∪ M ij . Therefore, by Lemma 2.2, let F ij be a 3-even subgraph double cover of G ij containing Fig. 2 .) This is the outline of the proof of Theorem 1.3 [6, 7] . The main idea of the above discussion could be further extended to Kotzig frames with more than one component.
(See Fig. 3 .) Let {C Fig. 4 ), then, with the same argument as above, we would have obtained a 6-even subgraph double cover of G.
This can be considered as an approach to the conjecture. However, there are two major barriers in this approach: in order to have each C ij as an even 2-factor in G ij , we need (1) a proper Kotzig coloring in each component H µ , (2) a proper partition of the matching M. Fig. 4.) (ii) Edges between different components H µ and H ν . Assume that H has two components, H 0 and H 1 . For an edge e = xy with x ∈ V (H 0 ) incident with two α-colored edges, and y ∈ V (H 1 ) incident with two β-colored edges, if α ̸ = β, there is no choice that this edge must be added into M α,β (the second type of edges). (Example: the edges e 1 , e 4 , e 5 and e 6 in Fig. 4 .) How about those edges e with α = β (the third type of edges)? (Example: the edges e 2 and e 3 in Fig. 4 .) It can be added into either M α,α+1 or M α−1,α . How to distribute this type of edges so that C ij becomes an even 2-factor of G ij : except for the first type of edges, M-edges must be distributed to each M ij so that each of them is of even size. In this paper, Lemma 4.1 resolves this distribution problems.
Lemmas
As we mentioned in Section 3, the following technical lemma plays a key role in this paper which resolves the problems of the partition of M and the Kotzig coloring in each Kotzig component.
There is a permutation π of Z 3 , and we re-label the vertex set X = {x 1 , x 2 , x 3 } as follows,
and a weight
where w α (e) = 0 if e ̸ ∈ E(C α ) (that is, {w 0 , w 1 , w 2 } is a decomposition of the original weight w). There is a permutation π of Z 3 such that {e For each circuit D α = x α y α x α+1 y α+1 x α with α = 1, 2, let w α (e) = 0 for every e ∈ E(D α ).
It is easy to check that, in both cases, the total weight w α of each circuit D α is even, and the sum of w α 's is the original given weight w.
Let H j be a component of a Kotzig frame H. If H j is not a circuit, let c j : E(H j )  → Z 3 be a Kotzig coloring of the suppressed cubic graph H j . The coloring c j is also considered as an edge coloring of H j in a natural way (although, it may not be a proper coloring of H j ). If H j is a circuit, then c j (E(H j )) ∈ Z 3 , that is, H j is uniformly colored with one color. That is, we are considering a parity 3-edge-coloring for a Kotzig frame H.
We prove a slightly stronger statement, which will not only imply Theorem 1.8, but also be applied in the proof of Theorem 1.9. 
Lemma 4.2. Let H be a Kotzig frame of G with two components H
, I 0,2 , I 1,2 , J 0,1 , J 0,2 , J 1,2 } of M = E(G) − E
(H) such that I i,j is the set of chords of C i,j , and J i,j is of even size and joining two components of C i,j .
Proof. Based on the coloring of c on H 0 and
where an edge e ∈ E (i,α),(j,β) if e = uv and one endvertex u ∈ V (H i ) incident with two α-colored edges, and another endvertex v ∈ V (H j ) incident with two β-colored edges.
(Here, we are to apply Lemma 4.1.) Consider an auxiliary graph K 3,3 with a bipartition {X, Y } of the vertex set, where
and each vertex x α corresponds to the edge subset c
and each edge x α y β of K 3,3 corresponds to the edge subset E (0,α),(1,β) of M.
By Lemma 4.1, there is a permutation π on the vertex set X and Eqs. (1) and (2) are satisfied. We re-label the coloring c in E(H 0 ) according to the permutation π :
c(e) ← π (c(e))
for each e ∈ E(H 0 ). With the revised coloring c, all related labelings are adjusted accordingly:
Hence, by Eqs. (1) and (2) (under the new coloring c and new labeling in X ), the auxiliary graph K 3,3 has a set of three 4-circuits
and a binary weight
such that (1) by Eq. (2), for each e = x α y β ∈ E (K 3,3 ) ,
where w γ (e) = 0 if e ̸ ∈ E(D γ ) (that is, {w 0 , w 1 , w 2 } is a decomposition of the original weight w);
(that is, every D α is of even total weight under w α ).
We are to distribute all edges of M into {I 0,1
There are three types of edges in M: (i) Edges of E (i,α),(i,β) for i = 0, 1 (they are chords of some circuit of c
Type (i) edges: for each α ∈ Z 3 , let
(these are chords of some circuit of c
, and the addition of these chords does not have any impact on an even 2-factor). (Example: the edge e 0 of G 12 in Fig. 4 .)
Types (ii) and (iii) edges are linking edges between H 0 and H 1 (it is [H 0 , H 1 ]), they are to be distributed according to Eq. (3) so that the number of M-edges between two circuits of c
is even. Note that, edges of type (ii) are covered by precisely one member of D. Hence, for each α ∈ Z 3 , (1,α) are added into J α,α+1 . (Example: the edges e 1 , e 4 , e 5 and e 6 in Fig. 4.) Note that, edges of type (iii) are covered by precisely two members of D. Hence, for each α ∈ Z 3 , E (0,α), (1,α) will be distributed to J α,α+1 and J α−1,α according to the weights w α and w α−1 given in Lemma 4.1. Let ϵ = w α−1 (x α y α ). Then add ϵ edges of E (0,α), (1,α) into J α−1,α and add the remaining into J α,α+1 . (Example: the edges e 2 and e 3 in Fig. 4.) By Eq. (4), the total weight w α of the circuit D α is even. Hence, in each G α,α+1 , the set J α,α+1 , consisting of edges between two components of C α,α+1 = c −1 (α) ∪ c −1 (α + 1), is of even size.
Proofs of main theorems
Proof of Theorem 1.8. Let c be a parity 3-edge-coloring of H such that c is Kotzig in H j for each j = 0, 1. By Lemma 4.2, the coloring can modified so that
G i,j has a 2-even subgraph cover that covers its M-edges twice and the even 2-factor C i,j once. Hence, their union is a 6-even subgraph double cover.
Proof of Theorem 1.9. We prove a stronger statement for the purpose of induction: 
Proof of (*). Induction on the number of components of H (it is true if H has only one component). 
